Composite creep deformation was analyzed, based on a continuum plasticity representation of the matrix, in an ideal composite at high temperatures in the case of negligible interfacial diffusion and sliding. A general formula of the steady-state creep strain rate was derived for a composite consisting of an ellipsoidal rigid reinforcement and a creeping matrix with a stress exponent of one. A closed-form solution was then derived for a composite with a cylindrical reinforcement under pure shear deformation in a two-dimensional analysis. The resultant creep deformation satisfies the requirements of impotency, volume conservation and interfacial continuity. Traces of two types of edge dislocations were analytically drawn; they show that dislocations climb over the reinforcement, retaining no dislocations either in the matrix or at the interface. Also, two types of dislocations simultaneously climb up and down at any portion in the matrix through dislocation core shuffling without long-distance diffusion. Finally, it was concluded that plastically-accommodated creep is characterized by two types of dislocations that simultaneously climb over a reinforcement, generating a heterogeneous creep strain increment without long-distance diffusion.
Introduction
Dispersing plastically nondeforming reinforcements (particles or discontinuous fibers) into a plastic matrix is one method to increase the creep strength of metallic materials at high temperatures with low cost. As Madgwick et al. reported, 1) whether steady-state creep occurs at all for composites containing elastic reinforcements in a creeping matrix remains the focus of theoretical debates. Here, reinforcements are considered large enough to justify a continuum plasticity representation of the matrix. Fundamental comprehension of the composite creep begins with the analysis of the simultaneous accommodation of the plastic strain mismatch between the matrix and reinforcements. Unfortunately, this is not the case for many engineering metal matrix composites, e.g. ceramic particle-or whisker-reinforced aluminum matrix composites since they have shown some secondary mechanisms caused by fine, uncontrolled dispersions, which might be introduced during material fabrication, 2) and by accumulation of creep damage such as fiber breakage 3) or interface debonding. 4) To deform an ideal composite, one must simultaneously accommodate the plastic strain mismatch between the matrix and reinforcements. At high temperatures, where diffusion is activated, the mismatch can be accommodated by the interfacial process, [5] [6] [7] i.e. simultaneous operation of interfacial sliding and diffusion. With larger reinforcements and higher external stresses, however, the interfacial process, which is called diffusional accommodation, becomes very slow. Under negligible diffusional accommodation at high temperatures, creep of a composite has been understood to continue with heterogeneous flow of the matrix, which is called plastic accommodation. Plastically-accommodated creep has been analyzed by the shear-lag model, [8] [9] [10] by the self-consistent potential method 11, 12) and by the finite element method calculation (FEM). [13] [14] [15] In the analyses by the potential method 11, 12) and that by FEM, 14) a close connection between power-law hardening and steady-state power-law creep was adopted under the assumption of continuum plasticity for the matrix material. However, these studies did not address the elementary process of creep deformation-dislocation activity.
The concept of plastically-accommodated steady-state creep with heterogeneous matrix flow seems to contradict the conception of geometrically-necessary dislocations, which are stored in a crystalline material subjected to any gradient of plastic strain. 16) For example, at low temperatures, dislocation loops, i.e. Orowan loops or prismatic loops, are necessarily formed. 17, 18) Understanding this, Mori et al. 5) made the following observation on the basis of the variational principle and FEM analyses. If in a composite (i) plastic strain occurring only in the matrix remains volume constant and (ii) neither sliding nor diffusion is allowed on the interfaces, then steady-state creep cannot occur and creep eventually terminates. Recently, they presented another analysis of plastically-accommodated creep using Fourier series formulation. 1) To resolve the contradiction in plastically-accommodated steady-state creep, in the present study, we analyze the creep strain rate distribution in a composite containing a creeping matrix which obeys the multiaxial power law with a stress exponent of one ( §2); then a heterogeneous impotent eigenstrain is discussed within the framework of dislocation description in continuum mechanics ( §3). Next, we discuss concrete dislocation activity-trace of dislocations-for plastically-accommodated creep around a rigid, cylindrical reinforcement in a creeping matrix ( §4). Finally, counterproofs against claims of creep termination through Fourier analysis, 1) the variational principle 5) and FEM 5) are presented from purely mathematical viewpoints ( §5).
Isovolumetric Deformation of the Matrix for Steady-
State Creep of a Composite
General formulation
The problem is to formulate isovolumetric deformation of the matrix for creep of a composite in the absence of interface sliding and diffusion. If the obtained deformation yields no disturbance in the stress distribution, steady-state creep of the composite is achieved. Possible concrete dislocation activity that yields this deformation is presented in the next section. The basic concept of formulation is the similarity between power-law hardening and steady-state power-law creep. Here, let the stress exponent of the power law be one in order to derive a simple analytical formula. Consider that a composite containing a rigid reinforcement R embedded in a creeping matrix M is stressed externally by A ij , as shown in Fig. 1 . Reinforcement has volume fraction f and the same ellipsoidal shape as the composite. The matrix obeys the multiaxial power law of the J 2 -flow theory with stress exponent n of 1:
where _ " " ij is the creep strain rate, 0 ij ¼ ij À kk ij is the deviatoric stress, ij is the Kronecker delta, and B 0 is a creep constant; the summation convention is employed throughout this paper. The inverse expression of eq. (1) is
where B M ijkl is the stiffness tensor for the matrix creep. Similarly, we determine the stiffness tensor for creep (no creep) of the rigid reinforcement as B R ijkl . In a monolithic matrix material, external stress A ij generates homogeneous strain rate _ " "
ij , but the reinforcement disturbs the external stress and the homogeneous strain rate. Using the equivalent inclusion method 19) combined with Mori-Tanaka's mean field approximation, 20) we obtain stress in the reinforcement
A kl is the average of the disturbed strain rate in the matrix, S klmn is the Eshelby tensor and _ " " ÃÃ ij is the eigenstrain rate for the equivalent inclusion with the same creep behavior as the matrix. Solving the simultaneous equations, eq. (3), _ " "
where I ijkl is the identity tensor and A ijkl ¼ ðB
ijkl . The last term of eq. (4) is derived concerning the rigid reinforcement where ðB
is calculated as
Now, let _ " " 1 ij ðxÞ be the disturbed strain rate in an infinite matrix caused by eigenstrain rate _ " " ÃÃ ij of the equivalent inclusion. The concrete formula of _ " " 1 ij ðxÞ is given in §2.2. The strain rate distribution of the composite during steadystate creep is then given as 21) to obtain the concrete formula of _ " "
given by eq. (6). The results are
where
and x ¼ x i is a point vector from the center of the reinforcement. The integrals for calculating and are given by the following elliptic integrals: 
where a i are the principal half axes of the reinforcement and is the largest positive root of equation
we finally obtain the steady-state creep strain rate inside and outside the reinforcement as
2.3 Impotency of the steady-state creep strain increment The obtained creep strain rate _ " " C ij [eq. (11)] has a value that is non-uniform in the matrix and zero in the reinforcement. Although it is generally accepted that a heterogeneous eigenstrain always generates internal stresses, we can demonstrate that creep strain increment _ " " C ij dt is impotent and generates no internal stresses as follows. Reissner 24) already mentioned that only an incompatible thermal strain generates thermal stresses. Furuhashi and Mura 25) derived the condition for eigenstrain " 
0A ij is compatible in the material covered by a free surface.
Elementary Process for Impotent Eigenstrain
In this section, the dislocation activity for an impotent eigenstrain is generally discussed; a simple example is presented for the case of a straight edge dislocation in which the isovolumetric requirement is not considered.
Nature of impotent eigenstrain
First, we discuss Nye's dislocation density tensor hi ; 26) it expresses the x i -component of the total Burgers vector of dislocations threading the unit surface perpendicular to the x h -direction. Kröner 27) gave the expression of hi against eigendistortion
where " hlj is the permutation tensor. If the eigenstrain satisfies the impotent condition [eq. (12)], i.e. the eigendistortion can be written as
; j , then the dislocation density tensor inevitably becomes zero as
where (hPQ) and (hQP) are the even and odd permutations of (123), respectively, and the terms in eq. (14) are not summed for indices P and Q. This implies that an impotent eigenstrain retains no dislocations in the material.
On the other hand, Mura 28) proposed impotent dislocations that satisfy
Both the displacement and stress field caused by these dislocations become zero since "
Consequently, it becomes evident that the impotent dislocations, which satisfy eq. (15), constitute a completely different concept from that of the impotent eigenstrain, which satisfies eq. (12) . Although neither the impotent eigenstrain nor impotent dislocations generate internal stresses, the former is an eigenstrain that retains no dislocations and the latter are dislocations that generate no eigenstrains. 
The necessary and sufficient condition for eq. (16) is that the distortion is compatible, i.e. (12)]. Such an impotent eigenstrain can, therefore, be considered as a movement wherein an edge dislocation enters by gliding and exits by climbing up or down without retaining any dislocations. Similarly, no dislocations are retained when a straight screw dislocation enters from one direction by gliding and exits in another direction by cross-slipping.
Considering only one type of dislocation, an impotent eigenstrain requires a volumetric change (for an edge dislocation) or cross-slip (for a screw dislocation). In the next section, we analyze the nature of the impotent eigenstrain rate without volumetric change given by eq. (11); we also discuss possible dislocation activity in a composite with a cylindrical reinforcement.
Dislocation Activity during Steady-state Creep in a Composite with Cylindrical Reinforcement
In this section, a closed-form solution is derived and the trace of dislocations is analytically drawn for a composite with a circular-cylindrical reinforcement with radius a in a two-dimensional analysis. Consider that the composite is set with its cylindrical axis parallel to the x 3 -direction and loaded with shear stress
A , under which a monolithic matrix material deforms with strain rate
To construct a simple argument, this shear deformation is considered to be brought about by the glide motions of edge dislocations along the x 3 -axis with Burgers vector bx x 1 in the x 1 -direction (dislocation ‹) and those with bx x 2 in the x 2 -direction (dislocation ›), as shown in Fig. 3 . The former generates distortion rate _ 21 and the latter generates _ 12 . In the case of shear deformation of the composite with a cylindrical reinforcement, dislocations remain straight since the reinforcement provides constant hindering strength along the dislocation line and no other component of dislocation is required.
Eshelby's method for cylindrical reinforcement
For an incompressive, circular-cylindrical reinforcement of a 1 ¼ a 2 ¼ a and a 3 ! 1, the elliptic integrals of eqs. (10c) and (10d) are transformed into
For pure shear eigenstrain rate _ " "
Here we take the reference locations at which the displacement rate equals zero as
4.2 Strain rate distribution for steady-state creep outside the cylindrical reinforcement When the finite composite is stressed by
under which the monolithic matrix material deforms with strain rate _ " "
for the equivalent inclusion [eq. (4)] is given as A , under which a monolithic matrix material deforms with strain rate _ " "
To make a simple argument, this shear deformation is considered to be brought about by glide motions of edge dislocations along the x 3 -axis with Burgers vector bx x 1 in the x 1 -direction (dislocation ‹) and those with bx x 2 in the x 2 -direction (dislocation ›). Since the reinforcement yields the hindering strength constant along the dislocation line, dislocations remain straight, and no other dislocation component is required. Here, a volumetric change occurs; later we show isovolumetric dislocation activity considering two types of dislocations.
considering only the (1212) and (1221) components of the Eshelby tensor, S 1212 ¼ S 1221 ¼ 1=4. The individual components of creep displacement rate _ u u C i are then given as
Finally, the individual components of creep strain rate _ " " C ij and creep distortion rate _ C ij are given as 
The obtained formulae of creep deformation satisfy the requirements of impotency, volume conservation and continuity at the interface. First, they are inevitably impotent from the discussion in §2.3; this is also directly confirmed from eqs. (22a)-(22e). For example, the derivative of the dislocation density tensor of edge dislocations with Burgers vector bx x 1 is given by
This means that edge dislocations with bx x 1 enter by gliding at the rate of _ C 21;1 and leave by climbing at the rate of _ " " C 11;2 . Similarly, edge dislocations with bx x 2 enter by gliding at the rate of _ C 12;2 and leave by climbing at the rate of _ " " C 22;1 . Next, with simultaneous operation of the two kinds of dislocations, this deformation satisfies the volume conservation condition, which is one of the characteristics of plastic deformation. We can confirm it directly from eqs. (22a) and (22e) as
From the viewpoint of dislocation, the volume conservation condition is satisfied because an edge dislocation of bx x 1 climbs up at the rate of _ " " C 11;2 and another edge dislocation of bx x 2 climbs down at the rate of _ " " C 22;1 at the same time in any portion of the matrix.
Thirdly, the material remains continuous at the interface. We can confirm that there is no displacement jump at the interface since eqs. (21a)-(21c) and (11) show that
The displacement jump at the interface is introduced by interfacial sliding or interfacial diffusion and also by the dislocation loops around the reinforcement. Continuity of the obtained deformation means that plastically-accommodated creep is achieved without these interfacial accommodations and dislocation loop pile-ups.
4.3
Trace of dislocation for steady-state creep outside the cylindrical reinforcement Shear deformation can be brought about by glide motion of edge dislocations along the x 3 -axis with Burgers vector bx x 1 in the x 1 -direction (dislocation ‹) and of those with bx x 2 in the x 2 -direction (dislocation ›), as shown in Fig. 3 . In the case of shear deformation of the composite with a cylindrical reinforcement, since the reinforcement yields the hindering strength constant along the dislocation line, the dislocations remain straight and no other dislocation component is required.
We can infer that the surfaces on which dislocations ‹ and › move satisfy
respectively. The concrete forms of individual components of steady-state creep displacement rate _ u u Fig. 4(b) ]. These figures clearly reveal that dislocations bypass the reinforcement by climbing up or down as the elementary process of plastic accommodation.
Elementary process for plastically-accommodated
creep-Comparison with local and general climb mechanisms The present analysis clearly reveals that dislocations bypass the reinforcement by climbing up or down as the elementary process of plastically-accommodated creep, as shown in Fig. 4 . This phenomenon seems similar to the wellknown mechanisms of dislocation bypassing the reinforcement through climbing, i.e. the local climb mechanism proposed by Shewfelt and Brown 29) and the general climb mechanism by Lagneborg. 30) Another important characteristic of the elementary process of plastically-accommodated creep is revealed when discussing their mutual differences.
In a two-dimensional analysis, the local and general climb mechanisms have no difference; the analysis implies that an edge dislocation enters by gliding; after being hindered by the reinforcement, it then climbs over it; the excess mass generated by climbing must be absorbed at the opposite side of the reinforcement where the dislocation climbs down to return to the original glide plane; this is schematically shown in Fig. 5(a) . Therefore, this mechanism requires interfacial or volumetric diffusion along a distance equivalent to the size of the reinforcement. From an atomic point of view, this movement of the two dislocations can occur through shuffling of atoms at the two dislocation cores, as shown in Fig. 5(c) . In other words, considering the activity of two dislocations, dislocation climbing over the reinforcement becomes possible without long-distance diffusion in plastically-accommodated creep.
Plastically-accommodated creep requires this shuffling to take place simultaneously at any point in the matrix. It is satisfied in the present analysis as long as the continuum plasticity representation of the matrix is justified, where we consider continuous dislocations with infinitesimal Burgers vectors. However, in an actual crystalline material, dislocations have fixed finite Burgers vectors. In this case, shortdistance diffusion between the two dislocation cores is necessary to achieve the dislocation movement of climbing up for one and climbing down for another, as shown in Fig.  5(d) . Here, the volume conservation condition is satisfied only for a scale larger than the inter-dislocation distance, i.e. the inverse of dislocation density. Even in this case, plastic accommodation can take place without long-distance diffusion equivalent to the size of the reinforcement.
Other remarks
Upon examining the obtained displacement rate equations, it appears that a few edge dislocations with bx x 1 are created, move along a small circle around a position of (AE1:2a; AE0:2a; x 3 ) and annihilate. This activity is not visible in Fig.  4(a) since the magnitude of their Burgers vector is smaller than the drawn traces. Similarly, a few dislocations with bx x 2 make a small loop around (AE0:2a; AE1:2a; x 3 ). In an actual crystalline material where dislocations cannot be created except at certain nucleation sites, these activities should be replaced by certain short-distance diffusion.
To obtain a closed-form solution for plastically-accommodated creep, the present analysis has treated a material with a matrix that obeys the multiaxial power law of the J 2 -flow theory with a stress exponent of one. In the case of a power-law creep matrix (n 6 ¼ 1), we cannot derive an analytical solution, but FEM analyses can derive the steady-state stress and strain rate distributions, as shown by several FEM calculations. [13] [14] [15] The present analysis can be expanded to a composite with a spherical and prolate spheroidal reinforcement through solving Eshelby's method [eqs. (7), (8) ] to analyze the fundamental creep mechanism of particulate-and whiskerreinforced metal matrix composites.
Experimental observations of plastically-accommodated creep have been presented in separate papers using special model materials, in situ TiB whisker-reinforced -Ti matrix composites [31] [32] [33] and spherical Al 2 O 3 particle-reinforced AlMg matrix composite through ingot metallurgy. 34) 
Discussion
We have now revealed the dislocation activity for steadystate creep deformation in a composite in the absence of interfacial diffusion and sliding and in the absence of a volumetric change. We have done so on the basis of a continuum plasticity representation of the matrix and a framework of dislocation description in continuum mechanics. However, even on the same basis of a continuum representation [eq. (1)], Mori and coworkers have reported the eventual termination of creep through the variational principle 5) and FEM analyses 5) and through Fourier series formulation. 1) In this section, counter-proofs against them are presented from purely mathematical viewpoints. 1) For simplicity, a periodic composite, one period of which contains more than one reinforcement with the same elastic constant C ijkl as that of the matrix, is considered. Let the creep strain assigned to the steady-state be " p ij ðxÞ; then, express it as the Fourier series "
A Fourier component " " Ã ij ðx; Þ produces displacement u i ðx; Þ and distortion u i; j ðx; Þ. The latter is given by Mura 35) as
where N ij ðÞ is the cofactor of matrix K ij ðÞ ¼ C ipjq p q and DðÞ is its determinant. In the case of uniaxial creep along the x 3 -direction, macroscopic creep strain " "
Since " p ij ðxÞ is not uniformly distributed due to the presence of reinforcements, there is at least one Fourier component satisfying " " Ã 33 ð0; 0; 3 6 ¼ 0Þ 6 ¼ 0:
As discussed in §5.1.2, eq. (30) is not required for satisfying eq, (29) . Here, continuing to follow Madgwick et al., 1) for the (0; 0; 3 
Here, the volume constancy of " " Ã ij ð0; 0; 3 Þ is used. This means that the assumed steady-state creep strain " p ij ðxÞ generates additional elastic strain, which contradicts the steady-state assumption.
Counter-proof
Madgwick et al. 1) fell into a primitive mathematical mistake at the place of eq. (30) [eq. (9) In a composite with a three-dimensional distribution of the reinforcements, the nonzero component is " 33 ð 1 6 ¼ 0; 2 6 ¼ 0; 3 6 ¼ 0Þ, while in a composite with a two-dimensional distribution, where columnar reinforcements align along the x 2 -direction, the nonzero component is " 33 ð 1 6 ¼ 0; 0; 3 
Therefore, the elastic distortion caused by " p ij ðxÞ given by eqs. (27) and (34) vanishes. This is an example of steady-state creep strain that satisfies the volume constancy, is nonuniform, has macroscopic strain, and does not generate any additional elastic distortion. Equation (11) 
Lagrange's undetermined multiplier method yields variation
At the energy minimum state, the term in the first set of parentheses in eq. (38) We apply this analysis to a monolithic material to gain further understanding. It should be noted that the variational principle can be applied to any material. The material is stressed by A ij ; consequently plastic strain " p ij and disturbed stress ij are generated. In this case, " p ij should be uniform and ij should be zero. Applying Lagrange's undetermined multiplier method as a matter of form, we can conclude that the energy minimum would be achieved if the quantity of the first set of parentheses in eq. (38) were zero. However, since ij equals zero, ij þ A ij cannot be hydrostatic. This is a simple example showing that the variational principle does not prove the existence of the energy minimum state.
FEM analysis
Mori et al. 5) also stated that FEM analysis showed the eventual termination of creep. They performed a twodimensional plane-strain calculation using MARC version 6 with a periodic boundary condition for a continuous fiberreinforced composite stressed perpendicularly to the fibers. While the reinforcement remains elastic, the matrix creeps following the multiaxial power law based on the J 2 -flow theory of eq. (1) where n is not necessarily one. They performed a calculation without the constant dilatation option, 37) which is necessary to avoid locking of elements with large, nearly incompressive strains. 38) We also performed calculations using the model supplied by Nakasone 37) with and without the constant dilatation option. 36) With this option, the composite continued creeping with a lower creep rate than the matrix. Without the option, the obtained creep curves showed the eventual cessation of creep. The obtained distribution of von Mises stress in creep termination is quite similar to Fig. 2 
In an incompressive material, where the constitutive equation does not correspond stress and strain components uniquely, such a miscalculation may happen. Therefore, we can conclude that the creep termination in FEM was caused by a primitive computational error missing in the constant dilatation option.
Conclusions
Creep deformation was analyzed in an ideal composite at high temperatures in the case of negligible interfacial diffusion and sliding, based on a continuum plasticity representation of the matrix. It is concluded that plasticallyaccommodated creep involves two types of dislocations that simultaneously climb over a reinforcement, generating a heterogeneous creep strain increment without long-distance diffusion.
(1) A general formula of the steady-state creep strain rate was obtained for a composite consisting of an ellipsoidal rigid reinforcement and a creeping matrix with a stress exponent of one, using a close connection between power-law hardening and steady-state power-law creep. The obtained creep strain increment is impotent and yields no additional disturbance in the stress distribution. (2) Based on a dislocation description in continuum mechanics, an impotent eigenstrain can be considered to be a movement of a dislocation entering from one direction and exiting in another direction. As a result, no dislocation, but a heterogeneous plastic strain remains in the material. (3) A closed-form solution of the steady-state creep strain rate was derived for a composite with a cylindrical reinforcement under pure shear deformation. The obtained creep deformation satisfies the requirements of impotency, volume conservation and continuity at the interface. (4) Traces of two types of edge dislocations were analytically drawn. They show that the dislocations climb over the reinforcement, retaining no dislocations either in the matrix or at the interface. In addition, two types of dislocations simultaneously climb up and down respectively, at each point of the matrix through dislocation core shuffling without longdistance diffusion. (5) Three proofs of creep termination without sliding or diffusion presented by Mori and coworkers were discussed and shown to contain mathematical or computational mistakes. The analysis using a Fourier series 1) contains an error by which Fourier component " " Ã 33 ð0; 0; 3 6 ¼ 0Þ, but not " " Ã 33 ð 1 ; 2 ; 3 6 ¼ 0Þ must be nonzero. The analysis based on the variational principle 5) contains an error whereby the variational principle does not prove existence of the energy minimum state. Finally, the FEM calculation 5) contains an error whereby a constant dilatation option is not adopted. It must be noted that all of the discussion is within the framework of continuum mechanics.
